EUifcjiSE 


mm 


AFOSR-TR-  81  -  0  128 


AdOO  BlQ^ll B/v^  * 


L.WJE} 


A  CHARACTERIZATION  OF  BIB  DESIGNS  BASED  ON 
v  TREATMENTS  IN  BLOCKS  OF  SIZE  k  WHOSE 
NUMBER  OF  BLOCKS  IS  AT  LEAST  yCR 

by 

A.  Hedayat^*) 

Department  of  Statistics 
University  of  California,  Be'rKeley 

and 

H.  L.  Hwang 

Department  of  Mathematics 
University  of  Illinois,  Chicago 

January,  1981 


(**)  On  leave  from  Department  of  Mathematics,  University  of 


Illinois,  Chicago.  AIR  FORCE  OFFICE  of  scientific  RESEARCH  (AFSC) 

NOTICE  OF  TRANSMITTAL  TO  DDC 
This  technical  report  has  been  reviewed  and  is 
approved  for  public  release  IAW  AFR  190-12  (7bJ. 
,  Distribution  la  unlimited. 


ificatipn  or  _ 

REPORT  DOCUMENTATION  PAGE  J _ inM^oKKV-uMn.KTi^ri"  »um _ 

1*1^  r  pVh  T'Vmmj/'"  ~  ~  1  ■  -- — J"""l  b.  GOVT  ACCESSION  NO.  >■  ni'li'lKN  r*r,  CATALOG  MUMHtN 

/aF0SR](TO-8  1  -  0  1  2  8  J  ^D-t4  CRS9±^- _ 

r  T77T  p‘  7LT  - -  5_JVF'C:  OF  REPORT  A  PERIOD  COV£Ml.[i 

4,  TITLE  (find  SifrffTtf}  ^  ^  _ v,  . . . . / 

^ipA'IN^rrS  in^F«e  k  ^  hisE JJMBERV  j'  ,  pFrfo  wTu  i.'  )': « 

OF'pjjXKS  IS  AT'£EAST  vCk^  r - - - -  1  "  _ _ 

jtz=j^y\ Mtffty- '  '  -  . *" 1 - 8.  contract  oh  g  R  a  N  t"  mum  ij  r.  Hi  •  ; 

A.yfed^ac »:  u./h^  •  (!?]•  /^!SH-76-i/!  7 

- — - L---r~— ,,,c  .  ■  .nrnFce  — ■  /  .~it):*r- roqbam' element.  project,  t  ask 

D.  PERFORMING  ORGANIZATION  NAME  AND  ADDRESS  A  ntfTCavtfORK  UNIT  NUMBERS 


I.UEP>fRT  mtlMnr 


/AFOSRXTR-8  1-012 


4,  TITLE  (find  Si 


A./Hedayat 


H.  L.^Hwang 


© 


12.  RLPORTl 


9.  PERFORMING  ORGANIZATION  N  AME  AND  ADDRESS  Aft2^ri^oVk”UNiT  num’sers 

Uni versify  of  Illinois  at  Chicago  Circle  f  ,  /  j 

Department  of  Mathematics  VjOj  77 

Chicago,  IL  60680 _ _  61  KfffL2Md^ - 

11.  CONTROLLING  OFFICE  NAME  AND  ADDRESS  J2.’.  EllilSJ.  — “ 'f 

Air  Force  Office  of  Scientific  Research/NM  f  »  j  J  Jani»MMit£Ll . . — 

Bolling  AFB,  Washington,  DC  20332 

;  'U.  )^«AtTO~RlNG  AGENCY  NAME  i  ADDRESSO/  (Hlltrent  Iron,  CnntmtUnt  OH, re)  15.  SECURITY  CLASS,  (nt  this  rrpmi, 

( I  Hj  A  5*  1  7777  L  JJKclassified _ 

V  7  (L©  rii  m  JJ+  nr|SaAR!f.«TW.-»««.«.««« 


(7f  M±J  - 


16.  DISTRIBUTION  STATEMENT  (ol  Ibis  Report) 


Approved  for  public  release;  distrbution  unlimited, 


17.  OISTRIB 


UTION  STATEMENT  fo/  fne  abstract  entered  in  Itlock  20,  il  ill llerent  trom  Report) 


is.  supplementary  notes 


19.  KEY  WORDS  (Continue  on  rave  rse  tide  U  necessary  af'rf  It/cr.N/y  by  block  number) 

BIB  designs,  number  of  blocks,  support  sizes. 


Tol'  ABSTRACT  (Continue  or,  raver*,  .ids  It  necessary  and  Identity  by  block  numb*,) 

For  certain  number  of  treatments,  v,  it  is  impossible  to  form  a  reduced  BIB 
design  in  blocks  of  size  k.  Based  on  the  necessary  conditions  vr  =  bk  and 
X (v-1)  =  r(k-l)  which  must  hold  in  any  BIB(v,b,r,k,  1)  design,  it  is  shown 
^hat  v  =  8  and  k  »  3  is  the  only  case  for  which  no  reduced  BIB  design 
can  be  constructed  of  k  2.  A  table  of  BOB  designs  for  v  -  8  and  k  =  3 
with  support  sizes  from  22  to  56  is  provided. 


DD- ,  ^?W4473  COITION  OF  I  NOV  65  15  OBSOLETE 


UNCLASSIFIED 


AUt  n  •■•iunN  nr 


msso 

AC.  r  uh'<»  f'  ltn  . 


1.  Introduction.  For  comparing  v  treatments  in  b  blocks  of 
size  k  <  v  it  is  well  known  that  a  BIB  design,  when  it  exists, 
is  the  bust-  possible  design  for  any  reasonable  statistical  cri¬ 
terion  given  that  the  model  of  response  is  the  usual  homoscedastic 
linear  additive  model.  To  minimize  the  cost  of  experimentation 
it  is  desirable  (i)  to  conduct  the  experiment  in  a  BIB  design 
with  as  few  blocks  as  possible  and  (ii)  to  assign  the  treatments 
to  the  blocks  very  judiciously  since  to  the  experimenter  the 
implementation  of  different  treatment  compositions  in  a  block 
may  cost  differently. 

Unfortunately,  the  inherent  strigent  symmetry  of  a  BIB  de¬ 
sign  dees  not  allow  us  to  choose  b  with  as  much  freedom  as  we 
wish.  Indeed,  it  is  necessary  that  the  number  of  blocks,  b, 
satisfies  the  following  conditions. 

b  >  v,  the  Fisher  inequaility 

(1.1) 

b  =  vr/k  for  some  integer  r  such  that  r(k-l)  =  O(mod  v-l). 

An  obvious,  yet  very  important,  point  overlooked  by  some  research 
workers  is  this:  Conditions  (l.l)  impose  restrictions  on  the 
number  of  blocks  not  on  the  treatment  compositions  of  the  blocks 
of  a  design  (see  the  last  paragraph  in  this  section). 

With  no  other  considerations,  one  way  to  form  a  BIB  design 
for  v  treatments  in  blocks  of  size  k  is  to  take  all  C 

J  rC 

possible  subsets  of  size  k  out  of  v  treatments  as  the  blocks 
of  the  design.  For  an  obvious  reason  such  a  BIB  design  (or  its 
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multiple  copies)  is  called  the  unreduced  or  the  trivial  BIB  de¬ 
sign.  Throughout  the  paper  the  symbol  C  stands  for  the 
binomial  coefficient  f .  Clearly,  an  unreduced  BIB  design  has 
a  large  number  of  blocks  and  it  is  very  costly  to  implement  it 
in  many  practical  situations .  Thus  it  is  highly  desirable  to 
have  reduced  BIB  designs,  i.e..  designs  whose  number  of  blocks 
are  less  than  Fortunately,  the  literature  of  BIB  design 

abounds  with  such  designs.  But  strangely  the  literature  lacks 
any  systematic  study  of  those  cases  where  no  reduced  BIB  designs 
are  possible.  Knowledge  of  such  cases  is  indeed  useful  in  planning 
the  experiment  if  the  experimenter  insists  on  running  a  BIB  design. 
Therefore,  in  this  context,  a  problem  of  interest  is  to  characterize 
all  (v,k)  for  which  the  only  b  which  satisfies  conditions  (l.l) 
is  b  3  0  (mod  C.  ) .  Thus  for  such  v's  and  k's  no  reduced 

V  Iv. 

BIB  designs  are  possible.  Fortunately,  as  we  shall  prove  there 
is  only  a  single  case  to  confront  with,  namely  v  =  8  and  k  =  3, 
besides  the  obvious  and  the  unavoidable  cases  when  the  block  size 
is  2.  To  establish  this  result  we  first  show  that  for  any  v 
and  k  with  v  >  k  =  2,  a  BIB  design  exists  only  if  the  triple 
(b,r,\)  is  an  integer  multiple  of 


(  Ck/d. 

v  rv 


where  X  =  r{k-l)/(v-l)  and  d  is  the  greatest  common  divisor 
of  i  =  0,1,2.  Thus  we  notice  that  a  BIB(v,b,r,k.x)  has 

the  smallest  number  of  blocks  among  all  BIB  designs  based  on  v 


and  k-  if  its  b,  r  and  X  are  relatively  prime;  van  Lint 
(1973)  has  obtained  many  interesting  results  for  such  BIB  de¬ 
signs,  but  mainly  for  b  <  C^.  We  then  show  that  the  case 

v  =  0  and  k  =  3  is  the  only  case  v:hen  k  ^  3  for  which  C.  , 

xCk  '  and  v_2cy  p  are  relativel7  prime.  Therefore 
(v,k)  =  (v,2)  or  (8,3)  are  the  only  solutions  to  our  problem. 

Before  closing  this  section  vie  would  like  to  emphasize  that ' 
though  for  v  =  8  and  k  =  3  we  need  b  s  0  (mod  56)  blocks 

in  order  to  form  a  BIB  design  but  fortunately  we  do  not  have  to 

limit  ourselves  to  the  unreduced  BIB  design.  In  response  to 
point  (ii)  above.  Foody  and  Hedayat  (1977)  have  shovm  that  in 
this  case  we  can  build  a  BIB  design  with  repeated  blocks  with  the 
number  of  distinct  blocks  as  low  as  22  and  indeed  for  any 
other  number  between  22  and  56.  Since  v  =  8  and  k  =  3  is 
the  only  answer  to  our  characterization  when  k  ]>  3  we  have 
included  a  Table  of  BIB  designs  for  v  =  8  ana  k  =  3  based 
on  the  results  of  Foody  and  Kedayat  (1977,  1979). 


2,  Definitions  and  notation.  Let  V  =  (l,2,...,v)  and  let  vt1* 
be  the  set  of  all  distinct  subsets  of  size  k  based  on  V. 
Elements  of  v£k  will  be  called  blocks, 
will  be  referred  to  as  a  pair. 


A  block  of  size  2 


v,  b.  r,  k  and  X,  written  BIB(v,b.r  ,k,x) ,  is  a  collection  of 
b  elements  of  vfk  with  the  properties  that 


(i)  each  element  of  V  occurs  in  exactly  r  blocks; 

(ii)  each  element  of  v£2  occurs  in  exactly  X  blocks. 

Note  that  the  above  definition  does  not  require  that  the 

blocks  of  a  BIB  design  be  distinct.  The  collection  of  distinct 
blocks  in  a  BIB  design,  D,  is  called  the  support  of  the  design 

and  the  number  of  distinct  blocks  in  D  Is  denoted  by  b*  and 

called  the  support  size  of  D. 


3.  The  necessary  conditions  for  existence  of  a  BIB  design  based 
on  v  and  k.  For  v  >  k  ^  2  it  is  easy  to  verify  that  the 
necessary  conditions  for  the  existence  of  a  BIB(v,b,r ,k.X )  de 
sign  are: 


(i)  bk  =  vr 

(3.1) 

(ii)  X(v-l)  =  r(k-l) . 

A  very  useful  version  of  (3*1)  is  given  below. 

Theorem  3.1.  For  given  v  and  k  with  v  >  k  ;>  2,  the  necessa 
condition  for  the  existence  of  a  BIB(v,b,r,k,X )  design  is  that 
the  triple  (b.r.X)  must  be  an  integer  multiple  of 


\vGy/ d,  v-lCl'-r<3,  v-2Ck-2^  ’  uhere  d  is  the  greatest  common 

divisor  of  C,  ,  ..C,  ,  and  _C,  0. 

v  k’  v— 1  k-1  v-2  k-2 

Proof:  Prom  (3-1),  b  =  (v/l)-r  =  CvCk/y-lCk-l^ *r  and 
X  r=  ( (k-l)/(v-l) ) -  r  =  (v_2Ck_2/v-lCk-l)‘r* 

Hence  b/„C,  =  r/  C.  ,  =  X/  „0,_  0  =  t . 

Kote  that  the  common  ratio  t  must  be  a  rational  number  so 
that  the  numbers  o  ■-  ^C.^-t.  r  =  v  ^*t  and  X  =  y  gCfc  ^-t 
are  integers. 

Let  d  be  the  greatest  common  divisor  of  C,  ,  '  ,C,  ,  an 
°  v  k  v-1  k-1 

v-2Ck-2’  then  vCk/d*  v-lCk-l/d  Mld  v-2Ck-2/d  are  relatively 
prime.  In  order  that  b,  r,  X  remain  Integer  values,  t  must 

be  equal  to  t'  /d  for  some  integer  t' .  Hence  the  result. 


Corollary  3.1.  For  given  v  and  k  with  v  >  k  2,  let 

b  .  be  the  minimum  solution  for  b  satisfying  (3.1).  Then 
mm  ° 


bmin  =  vCI:  if  and  only  ij 
relatively  prime. 


V  K  V 


,-lCk-i  and  v-2Ck-2 


4.  Characterization  of  v  and  k  with  v  ;>  2k  such  that  C.. 


.C,  1 

and 

0C,  „  are 

v-1  k-1 

v- 

-2  k-2  — — 

Lemma  4.1. 

Let  v 

and  k  be 

v  >  2k  and 

k  ^  3. 

k-1 

then  IT 

CO 

vl 

> 

i=2 

Proof:  Case  (i).  If  k  =  3,  Ti  (v-i)  =  v-2  and  k!  =  3-1  =  6. 

k-1  1=2 

Thus  TI  (v-i)  >  k:  unless  v  £  8. 
i=2 

Case  (ii).  If  k  >  3,  then  v  ;>  2k  ^  6.  For  all  i 
such  that  2  ^  i  <;  k-1  we  have  v-i  ;>  v-k+i  ;>  2k-k-fl  =  k+1. 
Moreover  v-2  ;>  2k-2  =  2(k-l)  and  v-4  ;>  2k- 4  =  2{k-2). 

Hence 


TI  (v-i)  =  (v-2)  (v-3)(v-4)  - .  •  (v-k+l) 
i=2 


£  2(k-l).k-2(k-2).k_^:k 

(k-5)-factors 
2k(k-l)(k-2)-* *3-2*1 


Theorem  4.1.  For  v  ;>  2k  and  k  ^  2,  the  only  solution  for 
(v,k)  such  that  the  binomial  coefficients  vCj,.  and 

^  are  relatively  prime  are  (v,k)  =  (v,2)  or  (3,3)- 


-7- 


Proof :  Let  k  2  3.  since  vCfe  =  { [v{v-l)]/(k(k-l)]] *v_2CR_2  the 

numbers  -C.  .  ,  I  =  0,1,2  are  relatively  crime  only  if  0C,  0 

divides  k(k-l).  This  could,  possibly  occur  only  if  .  o0v  „  <  k(k-l) 

k-1 

which  is  ecui valent  to  IT  (v-i)  <  ki . 

i=2 

Lemma  4.1  implies  that  the  possible  v  and  k  which  satisfy 
the  above  inequality  are  (v.k)  =  (6,5),  (7,5)  ana  (3,5)*  But 
it  is  easy  to  check  that  among  these,  v  ~  3  and  k  =  3  is  the 
only  pair  with  the  desired  property. 

For  k  =  2,  it  is  obvious  that  for  any  v  the  number 
„  5.C..  „  is  eauai  to  one,  hence  the  numbers  . C.  ..  i  =  0,1.2 

V—  c  *L.—d.  ~  V— 1  K— 1 

are  relatively  prime. 

For  characterizing  all  v  and  k  for  which  b  ,  satisfying 
(5*i)  is  at  least  C.  it  is  enough  to  search  among  those  v 

V  I\ 

and  k  with  v  2k  due  to  the  fact  that  the  complementary 
design  of  a  3IB  design  is  also  a  BIB  design  with  the  same  number 
of  blocks.  By  Corollary  5*1  and  Theorem  4.1.  (v.k)  =  (v,2)  and 
(3.5)  are  the  only  solutions. 


5*  Final  Remarks.  Since  v  =  5  and  k  =  5  Is  the  only  nontrivial 

case  for  which  b  .  =  C,  according  to  (5*1)  it  would  be  inte- 

ir.m  v  k  ^ 

resting  to  study  BIB  designs  with  these  parameters.  Any  BIB  de¬ 


sign  with  v  =  3  and  k  =  3  has  multiple  of 


=  56  blocks . 


do  not  have  to  take  all  .  56  distinct  blocks  to  form  the  designs. 


Indeed  it  is  possible  to  construct  BIB  designs  with  v  -  8  and 
K  =  3  with  support  sizes  22  £  b*  56.  Table  1  (from  Foody 
and  Hedayat  (1977,  1979),  including  a  new  correction)  provides 
one  example  for  each  stated  support  size.  Utilizing  the  method 
of  trade  off  cf  Hedayat  and  Li  (1979,  1980).  one  can  construct 
many  more  such  designs.  Whether  or  not  b*  =  22  is  the  minimum 
support  size  in  case  of  v  =  8.  fc  =  3  Is  under  investigation. 

Before  closing  the  paper  v;e  should  mention  thau  van  Lint 
and  Ryser  (1972)  and  van  Lint  (1973)  have  studied  seme  related 
problems  in  BI3  designs.  Their  discoveries  are  very  useful  for 
further  studies  in  this  area. 


.  ..I  .......  >  -  ...  ■  '  ..  .  .  -k  6, 


Table  1 

BIB  Designs  With  v  a  8  and  k  »  3 
Support  Sizes  22  to  ?6 


22  23  24  23  26  27  2S  29  30  31  32  33  34  35  36  37  38  39  4o  41  42  4?  44  45  46  “7  4g  kg  50  51  52  53  54  55  5§ 
56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  56  112  56  112  112  112  56 
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